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Interpretations

The following assumes familiarity with the technical definition of type and the use of é-terms, as found
in the document “The Systems of Principia Logico-Metaphysica” (http://mally.stanford.edu/systems.pdf).

7 =(D,W, T, F,ext,,, enc,,, €x,,, V,C),
where:

* D is the general union of non-empty domains D;, for every type ¢; i.e., D = | J,D;. We often use
o' as a variable ranging over the elements of D;; use r as a variable ranging over the elements of
D1,y Where t;,..., t, are any types and n > 1; and use p as a variable ranging over the elements
of D(),

* W is a non-empty set of possible worlds with a distinguished element w,; we use w as a variable
ranging over the elements of W,

e T is the truth-value The True,
¢ F'is the truth-value The False,

* ext,, is a binary exemplification extension function indexed to its second argument; ext,, maps
each relation 7 in D¢,y (n > 1) and world w to a set of n-tuples whose elements have types

t1,...,t,, respectively, so that ext,,(r) serves as the exemplification extension of r at w,!

* enc,, is a binary encoding extension function indexed to its second argument; enc,, maps each
relation 7 in D,y (n>1) and world w to a set of n-tuples whose elements have types t,...,,,
respectively, so that enc,,(7) serves as the encoding extension of r at w,

* eXy, is a binary extension function indexed to its second argument; ex,, maps each proposition p
in D(y and world w to one of the truth-values (T or F) so that ex,,(p) serves as the extension of p
at w,

* Vis an interpretation function that assigns each the primitive constant of type ¢ to an element of
the domain D;, and

* Cis a choice function that takes, as argument, any semantic formula A having a single free vari-
able that ranges over some domain Dy, for t # i, and returns an arbitrary but determinate value
in D; that satisfies A if there is one, and is undefined otherwise. If the semantic é-term has the
form ér" A, where r" is a semantic variable that ranges over the n-ary relations (n > 0) in the
domain Dy, . y, then the object C(A) is an entity of type (#,...,t,) that serves as the value of
the term. For example, if A has r free and r ranges over relations in D iy (i.e., ranges over bi-
nary relations among individuals), then the semantic term &r" A denotes C(A), where the latter
is an arbitrary but determinate relation in Dy iy that satisfies A, if there is one. Similarly, if A
has p free, where p ranges over D), then épA denotes C(A), where the latter is an arbitrary but
determinate proposition in Dy that satisfies A, if there is one.

Assignments to Variables

Given such a structure Z, let w range over the primitive possible worlds in W, and let f be a assign-
ment function relative to Z that assigns to each variable a’ an element of the domain D;. (For ease of
readability, we always omit the index on f that relativizes it to Z.)

1By convention, ext,, maps each relation unary relation r in D¢y (n 2 1) and world w to a subset of D;.



dz r(7) and w |7 r ¢ Defined Simultaneously

Then we shall assign denotations to the terms and truth conditions to the formulas by defining the
following notions simultaneously:

dl"f(”[), i.e., the denotation of 7 relative to Z and f
wE7z @, ie., under T and f, @ is true at w

The definitions are given in full below but note that, in what follows, we are re-purposing the symbol
E for the semantics. When we use [ in a semantic context in what follows, it is to be understood as
representing a semantic notion, and not the object-theoretic notion p is true in s (s | p) defined in
object-theoretic situation theory.

Intuitively, dz ¢ is a partial denotation function which, relative to an interpretation Z and variable
assignment f, assigns to every term t of type t an element of the domain D; if 7 is significant, and
nothing otherwise. And, w IZZ,f @ states the truth conditions of ¢ at world w, relative to Z and f. Now
let:

* T be any interpretation and f be any assignment function,

* V be the interpretation function of Z,

fla'/o'] be the variable assignment just like f except that it assigns the entity o’ to the variable
t2
a',“ and

fla'i/o"]L, be the variable assignment just like f but which assigns the entities o'1,..., 0", re-
spectively, to the variables a'l,...,a", for 1 <i<n

And let us adopt the convention of omitting the type index on a symbol after its first use in a semantic
formula whenever it can be done without ambiguity. Then the simultaneous definition of denotation
and world-relative truth, relative to Z and f, proceeds as follows:

Base Clauses
D1. If 7 is a constant of type ¢, then dz ¢(7) = V(7)
D2. If 7 is a variable of type ¢, then dz f(7) = f(7)

T1. If ¢ is a formula in Base®’, i.e., if ¢ is a constant, variable, or description of type (), then w Frre
if and only if Ip(p= dz, 1 () & exy(p)=T)

T2. If @ is a formula of the form IT¢ -+ttt 7t (n > 1), then w 1,f @ if and only if Arto-tJott | Joln (r =
dr (1) & o't =dy ¢(t") & ... & o' = dy ¢(1'n) &(0",..., 0') € exty,(r))

T3. If @ is a formula of the form /1 ... 70 IT¢ ) (1 > 1), then w z,f @ if and only if 30" ..ot Arlttn) (ot =
dr ()& ... &o' =dy (') & =dr f(IT) & (0",...,0™) € ency,(r))

Recursive Clauses
T4. If ¢ is a formula of the form [A @], then w |7 ¢ if and only if w 7 f ¢

T5. If ¢ is a formula of the form -1, then w [F7 f @ if and only if it is not the case that w 7 f ¢, i.e.,
iff w bél',f ll)

2This can be defined formally in one of two ways, suppressing the type index. If an assignment function f is represented as a
set of ordered pairs, then where « is a variable and o is an entity from the domain over which « ranges:

fla/ol = (f ~(a, f(a))) U {(a, 0)}

Le., fla/0] is the result of removing the pair (a, f (a)) from f and replacing it with the pair (a, 0).
Alternatively, we can define f[a/o] functionally, where B is a variable ranging over the same domain as «, as:

,if
flasolipy={LF 7




Té6. If ¢ is a formula of the form ¢ — x, then w k7 ¢ if and only if either it is not the case that
w F7,¢ P or it is the case that w 7 ¢ x, i.e., iff either w 7 f ¢ or wr f x

T7. If @ is a formula of the form Va', then w k7 ¢ @ if and only if
Vo'(w Ez flaso] )

T8. If ¢ is a formula of the form O, then w 7 f ¢ if and only if
Yw'(w' |z ¢ )

T9. If ¢ is a formula of the form ¢y, then w [F7 ¢ @ if and only if wy 7 ¢ .

D3. If 7 is a description of the form 1a’¢, then

dy o(0) = 107 W0 FL flaso) ¢ & V0! (w0 F1 fla/0r) ¢ — 0 =0)
L.f undefined, otherwise

where o’ also ranges over the entities in Dy
D4. If T is an n-ary A-expression (n > 1) of the form [Aa'1...a' ¢], then
gréit-tawVYoll .. Voln((o',...,0n) € exty(r) = w F1flati/otil, ©)
drf(t)= if there is one
undefined, otherwise
where érA = C(A) and C is the choice function of the interpretation.

D5. If 7 is an 0-ary A-expression of the form [A ¢], then

dz7(1) = epVw(exy(p) =T = w s @)
where épA = C(A) and C is the choice function of the interpretation.
D6. If 7 is a term of type (), i.e., if T is a formula ¢, then:
* if ¢ is a formula in Base{? dz f(7)is given by D1 - D3
* if ¢ is a formula of the form [A @], then d7 ¢(7) is given by D5
s if ¢ is a formula of any other form, then dz ¢(7) = dz,¢([A ¢])

Definitions of Truth, Logical Truth (Validity), and Logical Consequence

Now where 7 and f are given and wyj is the distinguished actual world of the domain of possible worlds
Win 7, we say that ¢ is true under 7 and f (“truez,¢’) if and only if under 7 and f, ¢ is true at wy. That
is, using the formal notation 7, ¢ ¢ for the definiendum, we have:

Fzs @ if and only if wy f7,¢ @

And we now say that @ is true under T just in case for every f, ¢ is true under 7 and f:

Frzo =4 Vf(Ezfo)

Thus, if ¢ is not true under Z, then some assignment f is such that wy {7 r ¢ and we write 7 ¢. We
say that a formula ¢ is false under I if and only if no assignment function f is such that 7 @, i.e., iff
no assignment function f is such that wy f=z,f ¢. So open formulas may be neither true under Z nor
false under Z, whereas a sentence (i.e., a closed formula) will be either true under Z or false under Z.

In the usual manner, we say that ¢ is valid or logically true if and only if ¢ is true under every
interpretation Z, i.e.,

Fo =i VI(Fz @)



Clearly, given our previous definitions, it follows that:
F @ if and only if for every 7 and f, 7 ¢ ¢, i-e.,
F ¢ if and only if for every 7 and f, wg Fz,f ¢

In what follows, when we say that a schema is valid, we mean that all of its instances are valid. Clearly,
if a formula ¢ is not valid, then for some interpretation 7 and assignment f, wq [z, ¢-

Finally, we conclude the definitions for a general interpretation with several more traditional defi-
nitions:

* @ issatisfiable if and only if there is some interpretation 7 and assignment f such that ¢ is truez r,
ie, iff 3Z3f(Fzf ¢)-

* @ logically implies 1 (or 1 is a logical consequence of @) just in case, for every interpretation Z and
assignment f, if ¢ is truez s, then 1 is truez

PEY =i VIVf(Ezr ¢ = Erf )
* @ and ¥ are logically equivalent just in case both ¢ E ¢ and ¢ E ¢

* @ is a logical consequence of a set of formulas I' just in case, for every interpretation Z and assign-
ment f, if every member of I' is truez ¢, then ¢ is truez s:

TE@ =g YIVIVY( el = Frr ) = Frf ¢



